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DISCRETE PARABOLIC GROUPS

B. H. BOWDITCH

0. Introduction

Let X be a complete simply connected Riemannian manifold of
pinched negative curvature (i.e., all the sectional curvatures lie between
two negative constants). The main aim of this paper is to show that any
discrete group of isometries of X fixing some ideal points is finitely gener-
ated (Theorem 4.1). The only interesting case is that of a discrete parabolic
group (preserving setwise some horosphere in X). In this case, by apply-
ing the Margulis Lemma (2.3), it follows that a discrete parabolic group
contains a nilpotent subgroup of finite index. We may identify this sub-
group as the group generated by those elements having “small rotational
part”. In fact, the notion of the rotational part of a parabolic isometry will
be one of the main ingredients of the proof of the main theorem (see §3).

Conversely, it is well known that any (virtually) nilpotent discrete group
of isometries must be “elementary”. In particular, some finite-index sub-
group must fix an ideal point. Thus, all discrete nilpotent groups are finitely
generated. This rules out the possibility of groups such as the rational num-
bers occurring as discrete groups. (Note that there is no purely topological
obstruction to this—see the end of §4.)

I suspect that one should be able to strengthen the conclusion of the
main theorem, to show that the quotient space of a discrete parabolic
group is always topologically finite, i.e., homeomorphic (or diffeomorphic)
to the interior of a compact orbifold. However, I do not have a proof of
this.

The case where X has constant negative curvature is a consequence
of the Bieberbach Theorem (§1). Proofs of the Bieberbach theorem usu-
ally proceed by an induction on dimension, and so an argument along
these lines would make essential use of the existence of totally geodesic
subspaces. Thus, for the variable curvature case, we will need another
approach.
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It turns out that both the upper and lower curvature bounds are essential
for the main theorem. In fact, it is possible for a noncyclic free group to
act as a discrete parabolic group in cases where we have an upper bound
on curvature (away from 0), but no lower bound (away from —oo), or
vice versa. Examples are due to G. Mess, and recent work of Abresch and
Schroeder, as we describe in §6.

The main result of this paper represents a step towards defining a nota-
tion of “geometrical finiteness” for manifolds of pinched negative curva-
ture, as I have described in another paper [3]. The concept of geometrical
finiteness first arose in the context of hyperbolic 3-manifolds, and readily
generalizes to hyperbolic orbifolds of any dimension (see [4] for an ex-
position of this). More recently, some interest in the variable curvature
case has arisen, particularly from the study of the symmetric spaces. A
consequence of our main theorem here is that a geometrically finite group
is finitely generated.

A brief summary of this paper is as follows. §1 reviews the case of con-
stant curvature (i.e., hyperbolic space). §2 is a survey of simply connected
manifolds of pinched negative curvature. In §3, we define the notion of
the “rotational part” of a parabolic isometry. In §4, we reduce the main
theorem to the case of abelian parabolic groups. We complete the proof
in §5. Finally in §6, we describe counterexamples when there are no strict
curvature bounds.

Notation. Let Y be a Riemannian manifold. We shall write IsomY
for the group of isometries of Y. Given x € Y, we write T, Y for the
tangent space at x. Thus, 7Y =,y 7,Y is the total tangent space. If
y € IsomY , then y, is the induced map on 7Y .

Suppose that Y is complete and simply connected, and has nonpositive
curvature. Then, any two points x, y € Y are joined by a unique geodesic
[x, ¥]. More generally, if x,,x,, ..., x,, € Y, we write [x,, x,, ..., X,,]
for the piecewise geodesic path [x,, x;]U [x;, x,JU---U[x, ,, x,].
We write P(y, x): T,Y — .Y for parallel transport along the geodesic
[x,y]. We set

Px_,x

m® m—1°""

© X)) =P(x,, x,_)o---oP(x, xy): TXOY — Tme,

X

In other words, P(x 1>

m?
[xo,xl, ,xm].

We shall use E” to denote a Euclidean n-space, thought of as a Rie-
mannian manifold (without any preferred coordinate system). On the
other hand, R" will be thought of as an inner-product space over the real
numbers, R.

-, Xp) is parallel transport along the path
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1. The case of constant curvature

In order to give the heuristics of the proof of the main theorem, it will .
be useful to refer to the case of constant curvature. In this section, we
give a brief survey of this case. Only the notation introduced in the next
paragraph will be directly relevant to the rest of this paper.

Let (-, -) be the standard inner-product on R", i, (¢, () =37 &,
where ¢ = (¢, -~ ,¢&) and { = ({;,---,(,). Let §"7' be the unit
sphere {& € R"|(¢,¢&) = 1}. Given &, ( € s , we write Z(&, () =
cos ™ (&, 0) €0, m] for the angle between £ and (. This gives the stan-
dard Riemannian metric on $"', so that IsomS" ™' is the orthogonal
group O(n). Given A € O(n), write

4| = max{£(¢, A8)E € S"7'}.
Thus, for any A, B € O(n), we have
|4|=|4""|, |AB|<|4|+|B|, |BAB”'|=|4].
Given any € > 0, write
U, = {4 € O(n)||4] < 6}.

Thus, as 6 — 0, the sets U, form a base of closed neighborhoods of the
identity in O(n).

Let E" be an n-dimensional Euclidean space. By a trivialization of
the tangent bundle, we mean a map ¢: E" x R" — TE" such that, for
each x € E", the map ¢, = ¢(x,-): R" — T, E" is a linear isometry,
which sends the standard inner-product on R” to the Riemannian inner-
product on 7,E". A trivialization is standard if, for all x, y € E",
the map qﬁyqﬁ;l: TxE" — TyE" is just parallel transport, P(y, x), along
the geodesic [x, y]. Clearly, there is precisely an O(n) worth of such
standard trivializations. So, given a fixed trivialization, ¢, we may define
the rotational part, © ¢(7’) , of any isometry y € IsomE" according to

Yoo =2do(y,0,(7)).
This gives a homomorphism
8,: IsomE" — O(n).

Given any 6 > 0, and a subgroup I' of IsomE", we let I'y be the
subgroup of I' generated by those elements whose rotational parts lie in
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U,. (We may write I'y = (y € I| |8¢(y)[ < 8).) Since U, is conjugacy
invariant, T’y is defined independently of ¢. Moreover, I'y is normal in
I', and its index is finite and depends only on © and n (cf. Lemma 4.8).
The following result is standard (see [13], [6] or [4]).

Bieberbach Theorem (1.1). Suppose that the subgroup T C IsomE" is
discrete (or equivalently acts properly discontinuously on E"). Then, there
is a totally geodesic T- invariant subspace, i, of E", with the quotient u/T
compact. Moreover, there is some d(n) > 0, depending only on n, such
that 1"5(”) is free abelian, and acts by translation on pu. Thus, #/F(;(,,) is
a compact Euclidean torus.

In particular, we see that I' is finitely generated.

Now, let H" be an n-dimensional hyperbolic space, and let H;' be
the ideal sphere at infinity (see §2). We may represent H” as the upper
half-space R'fr = {¢ € R"|¢, > 0}, with Riemannian metric |d&|/|&,|
where ¢ = (£, ---,¢,). Thus, H}' is the one-point compactification,
AR} U{oo}, of OR] = {£ € R"|¢, = 0}. If we put the standard Euclidean
metric in R”, then any parabolic subgroup of IsomH", with ideal fixed
point oo, acts by Euclidean isometries on RiU@RZ . From the Bieberbach
Theorem, we see that any discrete parabolic group acting on H” is finitely
~ generated.

2. Review of negative curvature

In this section, we review some relevant results in negative curvature.
More details can be bound in [2] or [7].

Let (X, d) be a complete simply connected Riemannian manpifold of
pinched negative curvature. We shall normalise the Riemannian metric so
that all sectional curvatures lie in the interval [—zc2 , —1], where ¥ > 1.
The exponential map based at any point x € X is a diffeomorphism from
the tangent space 7, Y onto X . Thusif X has dimension #, then it is
diffeomorphic to an open n-ball. In fact, X can be naturally compactified
by adding an ideal sphere X, to X . Thus, X, can be thought of as the set
of equivalent classes of (semi-infinite) geodesic rays in X , where the two
rays are regarded as equivalent if they remain a bounded distance apart
in X (and hence, in fact, converge exponentially). An element of X, will
be called an ideal point. The set X, = X U X; has a natural topological
structure as a compact n-ball. By a subspace of X, we mean the closure,
in X, of a totally geodesic subspace of X .
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Now, X is a “visibility manifold”. That is to say, any two distinct
points x, y € X may be joined by a unique geodesic, which we shall
write [x, y]. We shall call [x, y] a geodesic segment if both x and y
lie in X, a geodesic ray tending to y if x € X and y € X,, or a bi-
infinite geodesic if x, y € X,. We shall always assume that geodesics
are parametrized by the arc length. If x,, x,,--- , x, € X, we write
x> X, --- , x,,] for the piecewise geodesic path [x,, x,Ju---U[x, _,x,].

For each x in X, the Riemannian metric gives an inner-product (-, -},
on the tangent space 7, X . We call v € T X a unit vector if (v, v), =1,
and write Tx1 X for the unit tangent space {v € T, X|{(v, v), = 1}. Given
v, wE T;X, we write Z(v, w) = cos” (v, w), € [0, n] for the angle
between v and w. Clearly, Z(v, w)+4(~v,w)=n. If $: T X — TyX
is a linear isometry, then we write |S| = max{Z(v, Sv)|v € TxlX}.

If x, y € X, then parallel transport along the geodesic [x, y] gives us
an isometry

Py,x): T, X — TyX.

More generally, if x,, x,,--- , x,, € X, we write
P(x,,,m,_,,-, X)) =P(x,,,Xx, )o-oP(x;,X;);
in other words, P(x, , x,_,,-- , X,) is parallel transport along [x,, x|,

© 5 X,]-

Given x € X and y € X, c \ {x}, write xy for the unit tangent vector
at x in the direction of y. If y € X, then clearly P(y, X)Xy = ~yx.
If vy, z € X\ {x}, we write y%z = £(Xy, Xz), ie., the angle between
[x,¥y] and [x, z]. ,

Lemma 2.1. Forall k¥ > 1, there is some K = K(x) such thatif x, y
and z are any three points of X, then

|P(x,z,y,x)| < Kmin(d(x, y),d(y, z),d(z, x)).

Proof. Without loss of generality, d(y, z) < min(d(x, y), d(x, z)).
Note that the triangle [x, ¥, z, x] spans a (ruled) surface, .S = J{[x, w]|
w €[y, z]}, of area at most d(y, z). The total angular displacement of a
unit vector transported around the boundary of a surface S is at most the
area of .S times the norm of the Riemann curvature tensor. This norm is,
in turn, bounded in terms of the pinching constants (cf. [5, Lemmas 6.2.1
and 6.7]). q.e.d.

We shall also need the following weak form of Toponogov’s comparison
theorem [2]. v
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Proposition 2.2. Let (X, d) be as above, and suppose that x|, x,, X €
X. Let X}, x,, x; be points in the Euclidean plane, (B>, d,,.), such that
d(x;, X;,,) =d,(x;, X.,,), for each i (taking subscripts mod 3). Then,
for each i, we have

A 1N !
XX 1%y S XX X
where of course x;X., x;,, means the Euclidean angle between the seg-
ments [x.,,, x.] and [x;,,, X;,,].

In fact, we could replace the Euclidean plane by the hyperbolic plane in
the above theorem.

Suppose y € X, . The set of all bi-infinite geodesics with an endpoint at
y gives a 1-dimensional foliation 5‘; , of X . This foliation is orthogonally
integrable—there is a codimension 1 foliation S”y of X such that each leaf

5’; meets each leaf of 5‘; orthogonally in a single point. Each leaf of S”y

is a properly embedded C?*-submanifold of X , and is C2-diﬂ'eomorphic
to R"™!. Such a leaf is called a horosphere about y .

Suppose o, B:[0, 0] — X are geodesic rays tending to y, such
that «(0) and F(0) lie in the same horosphere. Then, for any given
t € [0, o), the points «(t) and B(¢) lie in the same horosphere. From
standard comparison theorems, one may deduce that d(«(t), (¢)) tends
monotonically to 0 as ¢ — oo . Moreover, there is some constant C > 0,
such that d(a(t), B(t)) < Ce™ for all ¢. This expresses the “exponential
convergence” of geodesic rays referred to earlier.

Now, each isometry, g € Isom X, extends to homeomorphism of X,
also denoted by g. We write fix g for the set of fixed points of g in X .
Any such g is one of the following mutually exclusive types:

(0) g is the identity.

(1) g is elliptic, i.e., g is not the identity, and X Nnfix g # <. In this
case, fix g is a nonempty subspace of X .

(2) g is parabolic, i.e., fix g is a single point of X,. In this case, g
preserves setwise each horosphere about y . ‘

(3) g is loxodromic, i.e., fix g consists of two distinct points x, y €
X; . It thus preserves setwise the loxodromic axis [x, y].

We may regard Isom X as a closed subgroup of the group of all dif-
feomorphisms of X in the C 1-topology. Given the subspace topology,
Isom X is a locally compact topological group. A subgroup, I, of Isom X
is discrete if and only if it acts properly discontinuously on X . In such
a case, the torsion elements of I' are precisely the elliptic ones. We write
fixI' =N ccr fix g for the set of fixed points of I' in X.. If I' is finite,
then fixI" is a nonempty subspace of X, . :
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Given p € X;, we write
Isom X = {g € Isom X|gp = p}.

IfTC Isomp X is discrete, then it is one of the following three types:

(1) T is finite.

(2) T contains a loxodromic element g, and preserves setwise the axis
of g.

(3) T is infinite, and preserves setwise each horosphere about p.

In case (2), T is, group-theoretically, a semidirect product of an infinite
cyclic group, and a finite subgroup of O(n—1). In particular, I" is finitely
generated.

Definition. A discrete subgroup I" of Isomp X is said to be parabolic
if it is infinite, and preserves some (and hence every) horosphere about p.

We shall show that every discrete parabolic group is finitely generated.
It then follows from the discussion above that any discrete subgroup of
Isom, X is finitely generated.

We demanded, in the definition, that a parabolic group be infinite so
as to accord with the usual notion. In fact, we shall make no use of this
hypothesis anywhere in this paper. It is a consequence of the arguments
presented in this paper (cf. the discussion following the proof of Lemma
4.9) that an (infinite) parabolic group necessarily contains a parabolic ele-
ment.

The following result will be central to the proof. It is a slight rephrasing
of [2, Theorem 9.5].

Margulis Lemma (2.3). There is some universal @ > 0, and for all
neN and Kk >0, there exists ¢ = e(n, k) such that the following holds.

Suppose that (X, d) is a complete simply connected Riemannian n-
manifold, all of whose sectional curvatures lie in [—x2 , 01. Suppose that
T is a discrete subgroup of Isom X , and that x is any point of X. Let
I'(x) be the subgroup of T generated by all those y € T" which satisfy
d(x, yx) < ¢ and have Z(v, P(x, yx)opv) < w for all unit tangent
vectors v € T;X . Then, T'(x) is nilpotent. ’

3. Trivializations of the tangent bundle

Given an ideal point p € X, , we shall describe a preferred family of
trivializations of the tangent bundle 7.X , indexed by the orthogonal group
O(n). This will allow us to define the “rotational part” of an isometry
fixing p.
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In §1 we defined the norm |A4] of an element 4 € O(n) as min{Z(¢, AE)|
e S"_l} . Then, the map [(4, B) — |A~'B|] gives a bi-invariant metric
on O(n). Thus, to show that a sequence A4, converges, it is enough that
]AJ._IAI.I can be made arbitrarily small for sufficiently large i and j. A
similar discussion applies to automorphisms of the tangent space T .X,at
any x € X, preserving the inner product (-, -), .

Given x,, x,, -+, x,, € X, we have defined P(x,,x,_,, ", X)) :
Ton — Tme as parallel transport along the piecewise geodesic path
[xy, X, -+, Xx,,]. Note that for any sequence of points y,, y,, -, ¥,
n X,

|P(y0a s Vps Xpys o0 ax()ay,-a"' ayo)lzlp(yr’xm"“ axoayr)l‘

Also, given x, y, z € X, we have
|P(x,z,y,x)|=|P(z,y,x, z)|=|P(y, x, z, y)|.

Lemma 2.1 tells us that |P(x, z,y, x)| < Kd(x, z). Note also that if
x, y, z all liec along some geodesic in X, then P(z,y, x) = P(z, x).
In particular, of course, P(x, y, x) = P(x, x) is the identity on T, X .

Our next aim is to define P(y,p, x): T, X — Tr,X for x, ye X, and
peX;.

Lemma 3.1. Suppose x, y € X and p € X;. Let (w,),.n be any se-
quence of points in X tending to p. Then, the sequence of maps
Ply,w;,, x): T .X — TyX converges.

Proof. From the remarks above, it is enough to show that
|P(y, w,, x)_lP(y, w;, x)| = |P(x, w;, Y, w,, x)| can be made arbitrar-
ily small for all sufficiently large i and j.

Suppose d > 0. Since the geodesic rays [x, p] and [v, p] converge, as
we move towards p, we can find points a € [x, p] and b € [y, p], and
d(a,b) <. As i — oo, the geodesics [x, w;] and [y, w,;] converge on
[x, p] and [y, p] respectively. Thus, there is some N € N such that for
any [ > N, we have d(a,[x,w,]) < and d(b, [y, w,;]) <. In other
words, we can find a; € [x, w,] and b; € [y, w,] such that d(a, a;) < J
and d(b, b;) < (see Figure 1).

Suppose that 7, j > N . Then, the piecewise geodesic path [x, w;, y,
w;, x] is spanned by the six triangles [a,, w,, b;, 4], [b;, ¥, bj, b1,
[bj, w;, a;, bj], la;, x,a;,a], la;,q;, b;,a;] and [bj, b;, a;, bj].
Moreover, each of these six triangles has at least one side of length at
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FIGURE 1

most 36 . Applying Lemma 2.1, we conclude that
|P(x, w;, Y, w, x)] < 6K(35) = 18K9,

which is arbitrarily small. q.e.d.

Since the sequence (w;) was chosen arbitrarily, the limit of the maps
Py, w;, x) is well defined; we shall write it as P(y, p, x). The map
P(y,w, x) depends continuously on w, as w varies in X.. This may
be seen by allowing the w; to be the ideal points in the above proof, and
using Lemma 3.2(1) below.

Lemma 3.2. Suppose that x, y, z € X and p € X;. Then the follow-
ing hold: '

(1) |[P(x,»)oP(y,p, x)| < Kd(x,y),

(2) P(z,p,y)eP(y,p,x)=P(z,p, x),

(3) P(Y>P>x)ﬁ=ﬁ,

(4) if x, y and p all lie on some geodesic in X, then P(y,p, x) =
Py, x).

Proof. Let w, — p,with w, € X.

(1) By Lemma 2.1, we have |P(x, y, w,;, x)| < Kd(x, y) for each i.

(2) For each i, P(z,w;,y,w,;, x) = P(z, w;, X).

(3)If w, ¢ {x,y}, then L(P(y,w,, X)XW,, yW,) = xW,p. As i —
oo, we have Xw, — Xp, yw, — yp and xw;y — 0 (Proposition 2.2).

(4) We can choose each w; € [x, p]. Then P(y, w;, x) = P(y, x) for
all 7.

Examples. Let X = H" be an n-dimensional hyperbolic space. Sup-
pose p € X;. Any horosphere S about p is an (n — 1)-dimensional
Euclidean plane in the induced Riemannian metric. Suppose that x € S,
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and that v € T;X is a unit vector, tangent to S, so that Z(v, Xp) = n/2.
Then, as y varies over S, the vectors P(y, p, x)v define a Euclidean-
parallel vector field on S'.

More generally, suppose that X is one of the negatively curved sym-
metric spaces. Then, any horosphere S has the structure of a nilpotent
Lie group with a left-invariant metric [8]. Let x, v be as above. Then,
{P(y,p, x)vly € S} is a left-invariant vector field on S.

We can now define our standard trivialization of the tangent bundle of
X . By a trivialization of the tangent bundle, we mean a bundle isomor-
phism

é: X xR > TX,

which respects the inner products on each of the fibers. For x € X, we
define
¢ R > T X
by ¢ (&) =#(x,&). Then ¢ _ is a linear isometry.
Given x, y € X, we define Dy(y, x) € O(n) by

D, x)=¢, o P(y,x)o,.

Now, fix pe X ;-

Definition. A trivialization ¢: X — R" — T X is standard (with re-
spect to p) if
¢, =Py,p,x)od,

forall x, yeX.

Now if ¢ is standard, from Lemma 3.2(1) it follows that |D¢(y , x)| <
Kd(x,y) forall x, y € X. Also, if y € {x, p], then D¢(y, x) is the
identity in O(n) (Lemma 3.2(4)). In fact, it is not hard to see that ¢ is
standard precisely if these two conditions hold.

From Lemma 3.2(2), it is clear that for any p € X, standard trivial-
izations must exist. Moreover, if ¢ is standard, and 7 is any element
of O(n), then ¢o(1,,T) is also standard. Conversely, suppose that ¢
and y are both standard (with respect to p). Then, forall x, y € X,
we have P(y,p, x) = ¢y¢;1 = wyt//x_l . Thus, q&;lwx = ¢;1y/y , and so
¥, = ¢, 0T for some fixed T € O(n). In other words ¥ =¢o(l,,T).
The rotation T is clearly unique for given ¢ and ¥ .

We have defined Isom, X earlier to be the subgroup of isometries of X
fixing the point p. We are now in a position to define the rotational part
of an element of Isomp X . Each ye Isomp X induces amap 7,: TX —

TX.If ¢ isastandard trivialization, then clearly y, oq&o(fl , 1gn) isalso.
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Thus, there is a unique 7 = O(n) such that y*quo(-y_1 y gn) =¢o(1,, T).
We write © ¢(y) = T so that we have

Yoo =90(r,0,(7).

Definition. Given y € Isomp X, wecall 6 ¢(y) the rotational part of
y (with respect to ¢).
From the formula defining © #(¥) it is clear that this gives a homomor-
phism
0,: Isom, X — O(n).

If we were to replace ¢ by a different standard trivialization, we would
get another homomorphism, conjugate in O(n) to © 4 - Thus, the norm
|©,(7)| is defined independently of the choice of ¢. It therefore makes
sense to speak of an element of Isomp X having “small rotational part”.

The following statement is just a matter of unraveling the various defi-
nitions.

Lemma 3.3. Suppose p € X,, and ¢ as a standard trivialization with
respect to p. Suppose that y € Isome ,and x € X and ¢ e R". Let
v=¢ e T X. Then

L, P(x, yx)op,v) = L(Dy(yx, X)&, B,(r)E).
Proof. We have
P(x,yx)oy,0¢, =¢, oD, (x,yx)o8(y).
Thus,
(9,8, P(x, vx)07,(9,8)) = L&, Dy(x, yx) 0 B, (7)S)
= £(D,(rx, X)E, ©,(r)2).

Remark. Using Lemma 3.2(3), we could restrict attention to standard
trivializations ¢ having the property that ¢ _(0,0,---,0, 1) = xp for
some (and hence all) x € X . This reduces the rotational part of an element
of Isom, X to O(n — 1). However, we shall have no need to insist on
this.

4. Reduction to the abelian case

Let p € X;. We have defined Isomp X as the subgroup of isometries
of X fixing p. The main result of this paper is the following.
Theorem 4.1. Any discrete subgroup of Isom, X is finitely generated.
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We showed in §2 that the only interesting case is that where this sub-
group, I', is a discrete parabolic group. It is the aim of this section to
reduce further to the case where I' is abelian, in fact, isomorphic to a
subgroup of Q". The proof of Theorem 4.1 will be completed in §5.

We first recall some basic facts about nilpotent groups.

A group N is said to be nilpotent if, for some m, all m-fold commu-
tators in N are trivial. The smallest such m is called the class of N. We
define normal subgroups, Z,, of N inductively as follows.

Zo = {1}7
Zi+1 ={ye N|xyx—1y_1 € Z, for all x e N}

This gives the upper central series
{(1}=2,«Z,<«Z,4---<Z_=N,

where m = class V. It is easy to see that any subgroup or quotient of a
nilpotent group is nilpotent.

We quote the following results.

Proposition 4.2 [12].  Suppose that N is nilpotent. If x, y € N both
have finite order, then xy also has finite order.

Thus, T(N) = {x € N|x" =1 for some r} is a normal subgroup of N.

Proposition 4.3. Suppose that T is a finitely generated nilpotent torsion
group (every element has finite order). Then T is finite.

Proof. We can assume, by induction on the class of T, that the com-
mutator subgroup [T, T is finite. The quotient T/[T, T} is a finitely
generated abelian torsion group, and hence also finite.

Proposition 4.4 [12]. Let N be a countable nilpotent group with upper
central series (Z,);", . If the centre Z, is free abelian, then Z,/Z; | is free
abelian for all ie {2,3,--- , m}.

In such a case, we define

m
rank N = Z rank(Z;/Z; ).

i=1

Clearly, class N < rank N. Moreover, rank N is finite if and only if N
is finitely generated.

The following is a theorem of Mal'cev.

Proposition 4.5 [10] or [5]. Let N be a finitely generated torsion-free
nilpotent group. Then N may be embedded as a discrete cocompact sub-
group of a torsion-free nilpotent Lie group, G, of dimension r = rank N .
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Proposition 4.6 [9]. Let G be a torsion-free nilpotent Lie group. Then,
the exponential map at the identity is a diffeomorphism of the Lie algebra
onto G.

(In fact the construction in [5] gives an explicit diffeomorphism of G
with R".) In particular, G is contractible. Propositions 4.5 and 4.6 to-
gether tell us that rank N is equal to the cohomological dimension of N.
We deduce '

Proposition 4.7. Suppose that the nilpotent group N has free-abelian
centre and acts properly discontinuously on some contractible n-manifold,
then rank N < n.

Proof. We need only check that rank N is finite, or equivalently that
N is finitely generated. However this is clear, since otherwise N would
contain subgroups of arbitrarily large finite rank. q.e.d.

We now return to our manifold X. We want to define a subset of
Isom, X' consisting of those elements of small rotational part.

Given any 6 > 0, we write

#(0) = {7 € Isom, X1|8,(»)| < 6},

where © s is the rotational part homomorphism defined in §3. As re-
marked in §3, %(0) is defined independently of our choice of trivializa-
tions ¢.

Given any subset, @, of a group G, we shall use the notation- (@) to
denote the subgroup of G generated by Q.

Lemma 4.8. Forall neN and 0 >0, thereis v =v(n, 0) € N such
that if G is any subgroup of Isom, X, then (GN.7 (0)) has index at most
vingG.

Proof. This is just group theory, so the argument is standard.

We have a homomorphism ©: G — H, where H is a compact group,
in this case O(n). Now, G’ = (G N.2(0)) = (g € G|©(g) € U), where
U=U,={4€0(n)||4| £ 6} is a neighborhood of the identity in H .

Let V be another neighborhood of the identity in H with V'V C U
(for example, take V = U, /2) . There is an upper bound v on the number
of right translates of V' that can be packed disjointly into H . The number
v dependson U and H, and thus on 6 and n. It is independent of G.

Now let r € N be maximal such that we can find g,, &,, -, g, €
G with the translates V' (0(g;)) disjoint for i € {1,2,---,r}. Clearly
r < v. Now let g be any element of G. By maximality, V(0(g))
must intersect V' (6(g,;)) for some i € {1,2,---,k}. It follows that

G(ggi_l) e Vv c U. Thus gg,."1 € G andso g € G'g;,. We have
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shown that {Gg,|l < i < r} is a complete set of cosets for G' in G.
Thus [G:G]<r<v. qed.

Now, let 6, = w/2, where @ is the constant in the Margulis Lemma
(2.3). Thus 6, depends only on » and x. In view of Lemma 4.8, in
order to prove the main theorem (4.1), we can restrict attention to discrete
parabolic groups, I', which are generated by the subset I'n .7 (6,). We
aim to show that such a group is finitely generated and nilpotent. We begin
with the following.

Lemma 4.9. If T' is a discrete parabolic subgroup of SACHY with
I'=(I'n.#(6,)), then T is locally nilpotent, i.e., every finitely generated
subgroup of T is nilpotent.

Proof. Let {y,,7,, -+, 7} be a finite subset of l"mfp(eo). Choose
any y € X . The geodesics y,[y, p], i€{l1,2,---,r},and [y, p] itself,
all converge exponentially. Thus, we can find some x € [y, p] such that,
for all i, we have d(x, 7;X) < min(e, 6,/K), where ¢ = &(n) comes
from the Margulis Lemma (2.3) and K comes from Lemma 3.2(1).

Now, choose any ¢ € R”, and set v = ¢.£. By Lemma 3.3, for each
l,

L(v, P(x, y;x)oy,v) =L(Dy(vx, x)¢, B,(7,)5).
But |© ¢(yi)| < 6, , and by hypothesis and Lemma 3.2(1) we have
IDy(r,x, x)| < Kd(x, 7,%) < K(6,/K) = 6.
Thus
Z(Dtp(yix s x)é s @¢(yi)é) < 200 =q.
It follows that (y,, ,, --- , ,) is a subgroup of the nilpotent group I'(x)
as defined in the Margulis Lemma. Thus, (,, y,, -+ , 7,) is nilpotent.

Now, any finitely generated subgroup of I' lies inside some subgroup of
the form (y,, y,,--- , »,) for some r, and is thus itself nilpotent. g.e.d.

The next step will be to reduce to the case where I' is torsion-free.

Let T be the set of elements of finite orderin I". Let x and y be any
elements of 7'. Then {x, y) is nilpotent. By Proposition 4.2, xy_1 has
finite order. We deduce that T is a subgroup of I'. Clearly, T is normal.

In summary, we know that T is a discrete torsion group in which every
finitely generated subgroup is nilpotent. This implies that 7 is finite, as
follows. Clearly T is countable, so we may write T = {J,2, T, , where
each 7, is a finitely generated subgroup of 7',and 7, C T, for r < s.
By Proposition 4.3, each T, is, in fact, finite. Thus, its set of fixed points,
fix 7, , meets X in some nonempty totally geodesic subspace. Clearly, if
r <s, then fix T, C fixT,. Thus, the dimension of fix7, must stabilize,
and so fixT =2, fix 7, must meet X . It follows that T is finite.
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Now, 0 = X nfixT is a totally geodesic subspace of X . Since T is
a well-defined subgroup of I'", we see that ¢ is I'-invariant. Moreover, it
is easily checked that T is precisely the pointwise stabilizer of .. Thus,
T'/T acts freely and properly discontinuously on ¢ . Clearly, the notion
of a horosphere is preserved by taking subspaces, and so we see that I'/T
acts intrinsically as a discrete parabolic group on ¢. Thus, replacing T’
by I'/T,and X by o, we are reduced to the case where I' acts freely on
X, 1ie., T is torsion free.

As before, let n be the dimension of X . Now, any set of n elements
71> 72> - » ¥, of I generate a torsion-free nilpotent group. By Proposi-
tion 4.7, this group has rank at most n. It follows that any n-fold com-
mutator in the y; is trivial. Since these elements were chosen arbitrarily,
we see that I' is nilpotent.

We want to show that I' is finitely generated. By Propositions 4.4
and 4.7, it is enough to show that I' has free-abelian centre. We are thus
reduced to considering torsion-free abelian groups. In fact, we may reduce
T to a subgroup of the additive group Q" as follows.

Let G be a torsion-free abelian group. Then, the tensor product G®Q
over the integers is also torsion-free. In fact, G ® Q has naturally the
structure of a vector space over Q. We may identify G with its image
G ® Q under the injection [g — g ® 1]. Under this identification, G ® Q
is spanned as a vector space by the elements of G. Thus, we may find a
basis of G® Q consisting entirely of elements of G. The subgroup H of
G generated by all the elements in one such basis will be a free abelian
group of rank equal to dimQ(G ® Q). Moreover, G/H will be a torsion
group. :
Suppose now that G acts freely and properly discontinuously on a
contractable zn-manifold. Then, from Proposition 4.7 we deduce that
dimQ(G ® Q) < n. Thus, we may regard G as a subgroup of Q" .

In §5, we shall show that a discrete abelian parabolic group, G, is nec-
essarily free abelian. However, if n = dim X < 3, a simple topological
argument will suffice.

If dimX = 2, then clearly the quotient of any horosphere must be a
topological circle, and so G is infinite cyclic. Suppose that dimX = 3,
and let § be some horosphere about p. Thus, S is homeomorphic to
R%?. We see that F = S/T" is a surface with =, F = G. However, sur-
faces with abelian fundamental groups are easily classified, and they are
each topologically finite, i.e., homeomorphic to the interior of a compact
manifold with boundary. (The essential point is that any surface admits
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a compact exhaustion by subsurfaces, F;, whose fundamental groups in-
ject. Thus each n F; is abelian. Now any compact surface with abelian
fundamental group is one of just a few possibilities, and so it is readily
seen that the homeomorphism types of the F, must stabilize.)

However, we cannot hope for a purely topological argument in higher
dimensions. For example, we describe below a free, properly discontinuous
action of the diadic rationals, Z[1] = {#/ 2k|h ,keZ},on R’ . This type
of example is well known.

Let N = S! x D? be a solid torus, and let 1: N — S* be a standard
embedding of N in the 3-sphere. Thus the closure of s \ NV is also a solid
torus. Let f: N — N be an embedding of N in itself, so that fN is the
tubular neighborhood of a 2-strand closed braid, with one half-twist. Thus
f,m N hasindex 2 in n; N, and :fN is unknotted in S3. Let M = S3\
Moot/ N . It is easily seen that M= Z[%]. Moreover one can check
that the universal cover M of M has the engulfing property, i.e., every
compact set lies inside some 3-ball. Thus using the 3- dimensional annulus
theorem, and the fact that an orlentatlon-preservmg diffeomorphism of the
2-sphere is isotopic to the 1dent1ty, we see that M is homeomorphic to R>.
Now Z[ ] acts on M=R by covering translations. It is an interesting

exercise to give an explicit description of this action on R,

5. Abelian parabolic groups

The aim of this section is to complete the proof of the main theorem
(4.1) by showing that every discrete abelian parabolic group is finitely gen-
erated. We begin with a discussion of abelian subgroups of O(n).

We write (-, -) for the standard inner product on R”, so that (¢, {) =
cos Z(£, ¢) for all unit vectors &, { € S ' € R". Complexifying, we
can extend this to the standard Hermitian form on C”, ie., (z, w) =
ZW + z,Wy+ -+ z,W,.

Suppose G is an abelian subgroup of O(rn). Then G acts on C"
preservmg the Hermitian form. Now, C" can be split as a direct sum,
C"= GB, —o W;» of common eigenspaces of the elements of G. If we take
the number, k of common eigenspaces to be minimal, then this splitting
is canonical (up to permutation of factors). In this case the eigenspaces
are mutually orthogonal, and are paired under complex conjugation. An
eigenspace is paired with itself if and only if all its eigenvalues (as g ranges
over G) are equal to +£1. We shall assume that W), is the eigenspace
{z € C"|gz = z for all g € G}, even though this may be trivial (all



DISCRETE PARABOLIC GROUPS 575

the other eigenspaces are assumed nontrivial). We can also assume that
the set {W,, W, ---, %} contains precisely one eigenspace from each
pair. For i € {0,1,---,q}, let ¥, be the subspace of R" given by
V. ={z+7Z|z € W;} . We may check the following.

Lemma 5.1. The spaces V; for 0 < i < q give a G-invariant splitting
of R" (gV,=V, forall g € G). We have V, = {¢ e R*|g¢ =& for all
g € G}. Moreover, given i € {0,1,--- ,q}, and £,{ € V;.ﬂS"_l, we
have £(&, g&) = 2£({, g8) forall g€ G. :

We extract the geometric information which we need from this result
in the following lemma.

Lemma 5.2. For any given abelian subgroup, G of O(n), there exists

some finite subset {g,, g,, " , &,} of elements of G with the following
property. Given any ¢ > 0, there is some n > 0 such that if ¢ € S*!
satisfies £(&, g&) <n foreach ie {1,2, -+, q}, then L(&, g&) <& for
all geG.

Proof. Let R" =V &V, - --@V, be the splitting given by Lemma 5.1.
Then, given any i € {1, 2, ---, g}, there is some g, € G with g§S#¢

for some {and hence all) £ € ¥, n S™ 1 Set k; =1-{, g&) . Thus,
k, > 0, and is defined independently of the choice of & € ¥V, N S™ 1 Let
k =min{k|l <i<gq}.

Suppose we are given an arbitrary & € $”~'. We want to show that if
(€, g&) iscloseto 1 forall ie{1,2,---,q},then (£, g&) isclose to 1
forall g € G. So suppose (£, g&)>1~u forall ie{l,2,---,q}.

Write & = Y7  aé,, where q; € R and &, € V, for all i. Since
EeS" ! we have

Thus af <u/k; <ufk forall i>1.
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FIGURE 2

Now fix, for the moment, . i € {1, 2, --- , m}, and consider the four
points x, y =yx, x; =¢;x and y; = ye;x = ¢;yx. Then we have

d(-xs X,-)=d(y,y,-) <Aa

and
dx,y)=d(x;,y)>2r>1.

Thus, d(x,y,)>r—-A>r—-4= %r. We chose [ large in relation to A,
so that we must have yXy, <J/4 and xP,x; <d/4 (see Figure 2).

Let v =XJ, so that e, v =X,y,. Let v, be the parallel transport of v
to the point x,. Then, from the definition of rotational part, we have

L&, 8(e)8) = L(v;, e, v),

where & = qS;lv = ¢;_1vi e "', But L(v;, e;,v) < yRy; + xP;x; <
d/4+d/4=0d/2<4.
We have shown that
L&, O(e)d) <8

foreach i € {1, 2, ..., m}. Applying Lemma 5.3, we get that Z(&, ©(g)¢)
<e=mn/8 forall geT. In particular, Z(&, ©(y)¢) < xw/8.

Now, let z = yzx ,sothat y v = yZ. The element y was chosen so that
dx,z)<3r.Let v' = $,&) € TylE" ,ie., v’ is the parallel transport of
v = xy to y. From the definition of rotational part, we see that

L(-PR, ¥2) = L(v, y,v) = L&, B()E) < /8.

Thus xpz=7n—L(-yX,y2)>n - %> in.

In summary, we have deduced that d(x,y)=d(y, z) >r, d(x, z) <
%r and xyz > %7{ . Simple trigonometry shows that this is impossible.

We have contradicted the existence of g, € I' with d(x, g Hx) > /.
This concludes the proof that I' is free abelian.

The idea now is to give a similar argument in the case where I' is
a discrete abelian parabolic group acting freely on X . Let us consider
the ingredients of the proof which we have just given. We have used an
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identification of the tangent spaces at different points, as well as the notion
of the rotational part of an isometry. There are already provided for in
X (83). Our use of trigonometry allowed for some margin of error, and
thus could be made to work in some perturbation of the metric. The idea
therefore will be to carry out the argument in a small neighborhood of a
suitably chosen point of X , where the metric can be assumed to be almost
Euclidean.

Proposition 5.4. Let ' be a subgroup of Q" (with multiplicative nota-
tion). If T acts as a discrete parabolic group on X, then T is free abelian.

Proof. Let ¢: X xR" — TX be a standard trivialization of the tangent
bundle of X with respect to the fixed point p. Let © = 8¢: I' - On)
be the rotational part homomorphism.

We can assume that Q™ is generated as a vector space by I'. Let
{e;.e,,...,e,} beasin Lemma 5.3 (with ¥ = ©). Let H = (¢, ¢,,
...,e,) €. Thus I'/H is torsion, and we want to show that it is finite.

Let K be the constant of Lemmas 2.1 and 3.2(1), so that |D¢(y, x)} £
Kd(x,y) forall x,y € X. Let | = in/K. Take & = n/8, and let
d >0 be as in Lemma 5.3. Let 7, = %l sin(d/8), so that in any Euclidean
triangle abc with d(a, b) > 31, d(a, ¢) > 31 and d(b, ¢) < n,, we have
bac < /4. Let n=min(n,, 2I/m, 16/K). '

From the exponential convergence of geodesic rays, it is clear that we
can find a point a € X with d(a, e,a) <n foreach i€ {1,2,.--, m}.
We claim that gHa N Ny(a) # @ for all g € I'. By discreteness, this will
prove that I'/H is finite.

Let B:[0, o] — X, be the geodesic [a, p], parametrized by arc-
length. Thus, 8(0) =a, and B(occ)=p. Forany g e I', d(B(¢), gf (1))
tends monotonically to 0 as ¢ tends to oo. Given any subset A of I',
and ¢ € [0, o), define

M(A, 1) =d(B(t), AB(1))
= min{d(B(?), gB(1))|g € A}.

This minimum is attained since I' acts properly discontinuously. Clearly,
M(A, t) tends monotonically to O as ¢ — co. Moreover M(A, t) is con-
tinuous in ¢. To see this, fix#, > 0, and note that if |t —¢,| < 1, then any
g € A which minimizes d(f(t), gf(t)) must satisfy d(B(t;), gB(¢,)) <
M(A, t,)+ 2. There are only finitely many such g, and for each, we have
that d(f(¢), gB(t)) is continuous in ¢.

We want to show that gHameets N,(a) for each g € I'. So suppose,
for contradiction, that there is some g, € I' with g,Han N,(a) =4, i.e,
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M(gyH,0) > 1. Let G be the subgroup of I' generated by HU{g,}, so
that G/H is finite cyclic.

Now, L(t) = max{M(gH, t)|g € G} is continuous and tends mono-
tonically 10 0 as ¢ — co. Thus, there is some %, € [0, co) with L(z,) =
[. Let b = B(t,). Choose k € G such that d(b, kHb) = [. Now,
d(b, gHb) < for all g € G. In particular d(b, szb) < [, and so
there is some h, € H with d(b, kzhob) <l.

We chose a € X so that d(a, ea) <n foreach i € {1,2,..., m}.
Since b € [a, p], we have also d(b, e;h) < n. Let H' = {k’|h € H}, so
that H' is a subgroup of index 2” in H . Clearly, each point of the orbit
Hb lies within a distance m#n of the orbit H'd. In particular, there is
some 4 € H with d(hyb, h*b) < mn, and so d(k’hyb, kK*h*b) < my.
Setting y = kA, we see that d(b, yzb) <Il+mnp< l+£ = %l. Now,
ye€kH andd(b, kHb)=1. Thus d(b, yb) > 1.

Since d(B(t), yB(t)) and d(B(¢), yzﬂ(t)) both tend monotonically to
0, we may find x € [b, p] with d(x, yx) =1 and d(x, y*x) < 3.

Let us fix, for the moment, i € {1, 2, --- , m} and consider the four
points x, y = yx, x; = ¢,x and y, = ye;x = e;yx (see Figure 3). We
have

d(x,x;)=dy,y)<n
and
dix,y)=d(x;,y,)=1.

Thus d(x,y,) >1—-n>1- 4 >3I. Wechose < 7, = 3sin(6/8),
and so, applying the comparison theorem ( Proposition 2.2) to the triangle
yxy;, we find that yxy, < dJ/4. Similarly, xp,x; <d/4.

Consider now the four unit vectors Xy, xy:, P(x,y;, x,)X,y, and
P(x,x,)Xy,, based at x. We have Z(x¥,Xxy,) = y&y; < 6/4 and
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L(xy;, P(x,y;, x)Xy,) = xp,x; < 6/4. From Lemma 2.1 it follows
that |P(x;, x, y,, x)| < Kd(x, x;) < Kn < K(6/4K) = /4. Thus
L(P(x, y;, X)XY;, P(x, x)XY) = L(5¥;, P(x;, x, y;, x)XY)) < 6/4,

and therefore Z(Xp, P(x, x,)X,y,) <38/4.
Let v = Xy, so that X;y, = e, v. Let £ = ¢;1v € S"!. Lemma 3.3
tells us that

L(Dy(x;, x)§, B(e,)E) = £L(v, P(x, x;)oe,v) <35/4.
From Lemma 3.2(1), we have that
[Dy(x;, x)| < Kd(x, x;) < Kn < K(6/4K) =6/4.
Thus, Z(&, Dy(x;, x)¢) <4/4, and so |
L(&,0(e,))<d/4+35/4=0.

Since this is true for each i € {1, 2, --- , m}, applying Lemma 5.3, we
get that (¢, ©(g)l) <e=% forall g eT. In particular, (£, B(y)¢) <

From Lemma 3.2(1) it follows that
|D;(v, x)| < Kd(x,y) = Kl = K(n/8K) =

so that Z(, D,(y, x){) < §. Thus £(Dy(y, X)é,@(y)é) <§+i =1
together with Lemma 3.3 means that

(v, P(x,p)oy,v) < %.
We defined v = XJ, and so y,v = yZ where z = »*x . Thus

L(=F%, 72) = L(P(y, )33, 72) = L(v, P(x,¥) o 1,0) < T,

and so

Xﬁ2=n—é(—ﬁ,ﬁ)2n—%=%n.

However, we have d(x, y)=d(y, z) =1 and d(x, z) < 3/. Applying
the comparison theorem (Proposition 2.2), we find that

xypz < Zsin—1(5/8) < g7z.

Since we have contradicted the existence of g, € I' with d(a, g,Ha) >
[, gHa meets Nj(a) forall g €I, as claimed.
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6. Counterexamples

In this section, we describe examples of complete simply connected
negatively curved riemannian manifolds which admit nonfinitely generated
discrete parabolic group actions. In fact, one can arrange that the curvature
be bounded either above (away from 0) or below (away from —oo). The
former case is due to G. Mess, and the latter case is related to recent work
of Abresch and Schroeder [1]. I am indebted to V. Schroeder for bringing
their paper to my attention.

Let H be the hyperbolic plane, with infinitesimal distance dx. We
put a Riemannian metricon X = H’ xR so that the infinitesimal distance
ds at the point (x, t) is given by ds* = f(t)2 dx® + dt*, where fR—
(0, oo0) is smooth. One may verify that all the sectional curvatures at the
point (x, t) lie between

1d*f 1 df\?
—7W and _.}'—2-(1-*-(%) ) .

Thus, X is negatively curved, provided f is convex. If f is bounded as
t — oo, then the set of geodesic rays of the form [t — (x, £)]: [0, o0) —
X defines an ideal point p of X. Now, X is foliated by horospheres
about p of the form H? x {t} for t € R. Any isometry, y, of H’
induces an isometry [(x, ) — (yx, )] of X, preserving setwise each
such horosphere. Thus, any infinite discrete group action on H? gives us
a discrete parabolic subgroup of Isom X . There are plenty of noncyclic
free subgroups, and hence also nonfinitely generated examples of such.

Note that if we set f(f) = e, then all sectional curvatures lie in the
interval (—oco, —1]. If we set f(f) = 1+, then they lie in the interval
(-1, 0).

We also remark that, by taking a surface group acting on H? , We can
arrange that the quotient of a horosphere be compact, and so the quotient
of a horoball is a “parabolic cusp”, whose fundamental group is not vir-
tually nilpotent. In the case of an upper curvature bound, such a cusp
automatically has finite volume. In the case of a lower curvature bound
the volume is infinite. However, one can construct examples in dimension
4 which have finite volume. The idea is to take a product with a circle,
whose diameter tends to 0 as we move out the cusp. This construction
is closely related to that described in [1], where examples are given of
complete finite-volume negatively curved Riemannian 4-manifolds, with a
lower bound on curvature, and whose ends are foliated by compact graph
manifolds. The fundamental groups- of such ends are not parabolic, but
contain noncyclic free subgroups which are.
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